
Journal of  Statistical Physics, Vol. 79, Nos. 3/4. 1995 

Remarks on the Star-Triangle Relation in the 
Baxter-Bazhanov Model 
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We show that the restricted star-triangle relation introduced by Bazhanov and 
Baxter can be obtained either from the star-triangle relation of the chiral Ports 
model or from the star-square relation proposed by Kashaev, Mangazeev, and 
Stroganov, and give a response to a guess of Bazhanov and Baxter. 

KEY WORDS: Three-dimensional integrable lattice models; Baxter- 
Bazhanov model; restricted star-triangle relations; chiral Potts model; 
star-square relation. 

1. I N T R O D U C T I O N  

Recently much progress has been made  in three-dimensional  integrable 
latt ice models.  Bazhanov and Baxter generalized the t r igonometr ic  
Zamolodch ikov  model  with two states I11 to the case of  a rb i t ra ry  N 
states. (2"3~ The s t a r - s t a r  relat ion and the s t a r - square  relat ion of  this model  
are discussed in detail  in refs. 3-5. Mangazeev et al. c6-s~ enlarge the 
integrable latt ice model  in three dimensions to the case where the weight 
functions are pa ramet r ized  in terms of  elliptic functions. Just as the 
Yang-Bax te r  equat ions  or  the s ta r - t r iangle  relat ions play a central  role in 
the theory of  two-dimensional  integrable models,  the te t rahedron  relat ions 
replace the Yang-Bax te r  equat ions  as the commuta t iv i ty  condi t ions (9~ for 
the three-dimensional  latt ice models. The restricted s ta r - t r iangle  relat ions 
of  the cubic lattice model  in t roduced by Bazhanov and Baxter have the 
following form: 

~ 1 w(v2, a - l) w(v~, - b )  w(v2 / (wv l ) ,  a) 

,=o w(~,, : t ~  ~c~,~) = ~ ' ( ~ ' '  ~2) - -  : - =  w(~',,a-b) 
(1) 
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N--1 W(V3......L, ZI  ) y(b, l) = q~2(v3, 
w(v4, a - l )  v4) 1=0 

where r and cp z are scalar functions and 

w(v' ~) = [ A(v) f i  ( 1 - o 9 J v ) - "  
j = l  

o9 = exp( 2rci/N), oo 1/2 = exp( in/N), 

w(v'3, a - b )  

W(V4, --b) w(v4/v3, a) 

vN + ,dN= 1 

y( a, b) = co "h 

(2) 

(3) 

(4) 

v,- and v~ (i = 1, 2, 3, 4) satisfy 

v2 ~( vl ) A( v2/( o9v l ) ) 
v'~ o9v~(v2)'  A(v',) zl(v~_) ' 

A(Vl) zJ (/)2) OJD I A (D2/(O')I) 1 )) 
V[ ='~(V2)' - ~(v2) 

D4Z~(V3) z~(V4//)3) 
V~-- V3•(V4)' ZI(V~) A(V4) ' 

z~(V3) V3 Z~( V 4/O3) 
V4 = 0.,)/1(/)4) , A(V~)  A(V4)  

(5) 

(6) 

Equations (1) and (2) can be changed into each other. Bazhanov and 
Baxter point out that  it is quite possible that  Eq. (1) is a part icular  case of  
a more  general relation and ~, is just a limiting value of a more  complex 
function. The purpose of this note is to give a response to this suggestion. 
In Section 2 the star- tr iangle relation of the Baxte r -Bazhanov  model  is 
obtained either from the s tar- t r iangle relation of the chiral Pot ts  model  or 
from the s tar -square  relation introduced by Kashaev  et al. In Section 3, 
the result is changed into the form of Eqs. (1) and (2). Note  that  the last 
relation in Eqs. (5) is different from the original one. The details will be 
given also in Section 3. 

2. THE S T A R - T R I A N G L E  RELATION OF 
B A X T E R - B A Z H A N O V  M O D E L  

As is well known, the star- tr iangle relation of the chiral Potts  model  
can be formulated as 

N 

Z -cP _ 1) ~v~(( ; -k)  W qr (m 1) cP _ Wpr (El 
I = I  

cP W p r ( m - k )  c P  = RpqrW pq ( n _ m  ) - c P  W qr (n - - k )  (7) 
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where 

and 

Wp cP(O) j= 1 b p d q -  Cpaq(.O j 

I'~CP( n ) f l ( .oapdq-dpCiq(. l)  j 

I'~pCq P(O) - - j=  1 cpbq -- bpcqO) j 

(8) 

Let 

a N , N kd~ ,  k ' a ~ + b ~  + k ' 2 = l  p + k bp = = kc~, k 2 

/ 
w(x,  y, z[ l) = [ I  Y i x N + y Jr = .~-u 

- _ XfD~' j = l "  

Wpq(Fl) ~ W(O) --lcpbq, dpaq, bpcq In) 

and define the m a p  R as 

(9) 

(10) 

( l l )  

R: (ap, bp, Cp, dp) ~ (b , ,  coap, dp, cp) 

When we set a ,  = d,. = O, we obtain the following relations: 

(12) 

CP -CP W p,. (n) 1 w,~ (n) 
wCP(o) - w ,m~(n) ,  -cP (13) wp,. (0) wpr(--n) 

W Cqe ( n ) ff~ CqP ( n ) l 
CP -- WpR(q) (n)' -CP Wpq (0) Wpq(--n) (14) W ,q (0)  

WCqy(n) fflc~(n) 1 
wCy(o) = WR-qq),.(--n), t~Cy(O ) Wqr(_n  ) (15) 

By taking account of  the s tar- t r iangle equation (7) of  the chiral Potts  
model, we get 

N Wpm~)(n_l )  WpR(q)(n_m ) wR_qq)~(k_n)  
Rpqr 

i~1= Wqr(l-- m)  wpq(k - l) - wr~(k - m) 
(16) 

with ap = d,. = 0, where R'pq r is a scalar function. This is just the s ta r -  
triangle equat ion of the Baxte r -Bazhanov  model. If we set ap= Cr=0,  
similarly we have 

~,N WpR(r)(n+l) =R~qr Wpmq)(n--m)  W q m r ) ( n - k )  (17) 
I= l Wmq) mr)(m + l) Wpq(k + l) Wrap) l~t~)(m -- k)  
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--t where Rpq r is also a scalar function. Both of the above two equations can 
be changed into the form of Eqs. (1) and (2). This will be discussed in 
Section 3. Now we give the connection between Eq. (16) and the s tar-  
square relation in the Baxter-Bazhanov model. Let 

w(x, y, z l l ) = ( y / z ) l w ( x / z l l ) ,  q b ( a - b ) = c o  ('-b)(N+'~-h)/2 (18) 

In the version of Kashaev et al. ~4~ the star-square relation can be written 
as 

S" w(x l ,  Yl ,  z, l a + a) w(x2, ) '2 '  z2lb + cr)] 

a~^, w(x3, Y3, z31 c + r w(x4, Y4, z41d+ a) So 

( . . c (  . ),~ 
(x2Yl /X l -2)  a (xl y2/x2-1) h 7.3]y 3) Z'4/Y4 

�9 (a -- b) co t~ + by2 

• 
W((-OX3 X4-71Z2/X 1 X2.73.741C -b d -  a - b) 

w(X4Z'[d-a) w(X3Z2]c-b)w(X3='[c-a) w ( x 4 = ' - \ x ,  Z 4 \X2.7. 3 \ X ,  Z 3 \ X 2 Z 4  d - - b )  

(19) 

where the subscript 0 after the curly brackets indicates that the 1.h.s. of the 
above equation is normalized to unity at zero exterior spins, and the 
constraint condition Yl Y2"~3~'4/(--1 "72 Y3 Y4) ----" 03 should be imposed owing to 
spin a ~ Zu,  but the r.h.s, of the above equation is independent of a. Set 

XI =cqbr,  Yl =(odqa,., z! =bqc  r 

x 2 = Cpaq, Y2 = dpb~, z2 = bpdq 

x3=c.o- l  cpb,., y3=dpa, . ,  z 3 = b p C r  

X 4 = O, Y4 ~--- --4 

(20) 

By considering the "inversion" relation ~4"5~ 

w(x, y, z[k ,  l) 1 - z / x  
w(x, y, cozlk, m) - Nc~l " - -  ~ .N/xN (21) 

k e ZN " 1 

where ~t .... is the Kronecker symbol on ZN, we get Eq. (16) from the 
start-square relation (19). Equation (17) can be obtained similarly. 
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3. D ISCUSSION 

First, Eq. (16) can be changed into the form of Eq. (1) and Eq. (2) by 
using the notations 

cpbq bqcr A(v,)  dpaq A(v,_) o9 In dqa,. 
vl =o.)bpcq'  V 2 = c q b r '  = b p c q '  cqb r 

aqC,. Cpaq ~ A(o~) dpbq 
V'l =dqb,.' v" = , A(V'l) - -  , =" 

- bpdq dqbr bpdq 

\ 0 9 V l /  cpbr 

(22) 

and 

0.) I/2 dqa~ _ dpaq bqc,. cpbq A(v3) = - -  d(v4) 
V3 -- cqb,.' v4 = O)bpcq' cqb,. ' - bpcq 

dqb~ bpdq , A(v'3)-  Cqar, A(v'4) -- dpbq 
V~ -- r V'4 -- (oCvaq aq cr (.ol/2cpaq 

(23) 

respectively, with dpb,.=f.o]/2Cpa,.. The v i and v~ ( i = 1 , 2 , 3 , 4 )  satisfy 
Eqs. (5) and (6). Here we show that the last relation in Eq. (5) is correct 
and this relation is different from the one in ref. 3. Equation (17) also can 
be changed into Eq. (1) by setting 

bpdq dqa r 
V I - -  , V . ~  = , 

(.OCpaq - aqd,. 

dpbq A(v2 ) = c q b  r 
A(oI) = (.ol/2cpaq ' aqdr 

-- cpbq bqd,. 
V'I O)bp Cq' V~ -- , - (.OCqa r 

, dpaq dqb~ 
A(Vl} = b--~ '  A(o~)--(.ol/2cqar 

(24) 

= bpdr 

with cpbr=o)l/2dpar. Similarly, Eq. (2) can be obtained easily from 
Eq. (17). In fact, each of the relations (16) and (17) is a corollary of the 
other by taking account of the "inversion" relation (21). 
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In summary, in this note we obtained the star-triangle relation of the 
Baxter-Bazhanov model from the star-triangle relation of the chiral Potts 
model and responded to a guess proposed by Bazhanov and Baxter. We 
also found a connection between the star-triangle relation and the s tar-  
square relation in the Baxter-Bazhanov model. 
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